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When depleted control rods are planned to be used in new core configurations, their worth has to be
accurately predicted in order to deduce key design and safety parameters such as the available shutdown
margin. In this work a methodology is suggested for the derivation of the distributed absorbing capacity
of a depleted rod, useful in the case that the level of detail that is known about the irradiation history of
the control rod does not allow an accurate calculation of the absorber’s burnup. The suggested method-
ology is based on measurements of the rod’s worth carried out in the former core configuration and on
corresponding calculations based on the original (before first irradiation) absorber concentration. The
methodology is formulated for the general case of the multi-group theory; it is successfully tested for
the one-group approximation, for a depleted control rod of the Greek Research Reactor, containing five
neutron absorbers. The computations reproduce satisfactorily the irradiated rod worth measurements,
practically eliminating the discrepancy of the total rod worth, compared to the computations based on
the nominal absorber densities.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The efficiency of a control rod to absorb excess reactivity in a
nuclear reactor is a subject of major interest since it is directly re-
lated to the reactor safety. Thus, several works have been reported
concerning the assessment of a control rod worth (e.g. Bretscher,
1997; Salvatores, 1992; Fadaei and Setayeshi, 2009) or the analysis
of parameters that may affect it (e.g. Williams, 2004). The determi-
nation of the actual control rod worth after a significant period of
reactor operation is an important issue (Hong, 1999). The accurate
assessment of the actual worth is even more important in case of
re-utilization of used rods after major core modifications such as
the conversion of a research reactor from high to low enrichment
fuel (Pond et al., 1998) and reactor upgrade (Aoyama et al., 2007)
or even refueling (Hosoya et al., 2007), which change important
parameters in the rod’s environment, such as the power distribu-
tion per fuel assembly and the fuel burnup in the vicinity of the
rod. The reliable assessment of key design and/or safety neutronic
parameters such as the available shutdown margin and the rod
failure criterion requires the accurate prediction of the depleted
rod’s worth in the new core configuration.

The normal procedure for assessing the depletion of a rod in-
volves the reconstruction of its exact operational history, including
different grid positions occupied by the rod for various core config-
ll rights reserved.
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urations, varying insertions during operation, varying local neutron
fluence depending also on the reactor power level, etc., in case that
the above parameters are known at a sufficient level of detail. A
rough estimation of the rod’s divergence from its original state,
can be obtained by approximating the reduction dNj of the jth ab-
sorber’s atom density Nj for an irradiation period dt, with

dNj ¼ �Nj
PG

g¼1rj;gUg

� �
dt, where Ug is the neutron flux in the en-

ergy group g and rj;g is the neutron absorption cross section of
the absorber averaged over the energy group g. The absorbers’
depletion during a time period DT, for example between two suc-
cessive re-arrangements of fuel assemblies or rod position changes,
can be estimated by integration, assuming that during DT the neu-
tron flux in the vicinity of the rod is constant. The final atom den-
sity of the absorber thus becomes NDT

j ¼ N0
j exp½�ð

PG
g¼1rj;gUgÞDT�,

where N0
j is the absorber’s atom density at the beginning of time

step DT. This analytical approach can be applied for the successive
historical core configurations to provide an estimation of the
absorbers’ densities depletion.

Unfortunately, the above procedure is rather unenforceable in
many real cases of older research reactors, where no digital record-
ings of the operational parameters existed for many years, while
their core configuration and operational scheme are too variable,
adapted also to varying irradiation needs and occasional require-
ments of the experimentalists. On the other hand, any computation
based on the nominal (i.e. non-depleted, given by the rod’s Manu-
facturer) atom density of the rod absorber, which is the only
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density precisely known, clearly overestimates the actual rod’s
worth. This raises serious safety concerns in case of inclusion of a
depleted rod in new core designs.

In this work a methodology is suggested for predicting the ac-
tual absorption cross section of a depleted rod, allowing thus the
accurate assessment of its absorbing capacity in a new core envi-
ronment; the methodology is based on measurements of its inte-
gral worth conducted during the rod’s operation in its former
core environment, and on corresponding calculations performed
using the nominal absorber concentration in the rod. In the frame
of the proposed methodology, an incremental determination of the
neutron absorption macroscopic cross section in user-defined hor-
izontal layers of the rod is performed. The methodology is formu-
lated for the general case of the multi-group theory and for more
than one absorbers present in a rod.

Verification calculations are performed for one depleted control
rod of the Greek Research Reactor, using the absorbers’ macro-
scopic cross section distribution derived from the proposed meth-
odology. The computations reproduce very satisfactorily the
irradiated rod worth measurements, eliminating practically the
overestimation of the total rod worth obtained with the utilization
of the nominal absorbers’ density. The methodology is tested by
computing the depleted absorbing cross section in one energy
group which comprises most of the absorbing capacity of the rod’s
constituents.
2. Methodology

Let N(z, t) be the absorber atoms density (atoms/cm3) at posi-
tion z of the control rod, at time t. The linear rate of neutron
absorptions (absorptions/cm/s) for the neutron-energy group g at
position z will be

SrgNðz; tÞUgðz; tÞ ¼ SRgðz; tÞUgðz; tÞ ð1Þ

where rg is the microscopic neutron absorption cross section,
Rgðz; tÞ the macroscopic neutron absorption cross section, Ugðz; tÞ
the neutron flux at position z for the neutron-energy group g and
S the absorber’s cross sectional area, constant along the rod’s length.
If the rod is assumed to be immersed in depth dn with the reactor
critical at this position, then the rate of neutron absorptions in
the rod for the neutron-energy group g is

Ag
n ¼ Srg

Z dn

0
NðzÞUg

nðzÞdz ¼ S
Z dn

0
RgðzÞUg

nðzÞdz ð2Þ

where Ug
nðzÞ is the neutron flux of the group g in the control rod. Let

now the rod be withdrawn, so that it is immersed in depth dn�1. The
rate of neutron absorptions in the rod at its new position will be

Ag
n�1 ¼ S

Z dn�1

0
RgðzÞUg

n�1ðzÞdz ð3Þ

where Ug
n�1ðzÞ is the neutron flux of group g in the control rod, for

the second rod position. Let Ag
w;n be the absorption rate of neutrons

of group g in the pool water filing the empty zone created by the rod
withdrawal from dn to dn�1, i.e.

Ag
w;n ¼ Srg

w

Z dn

dn�1

NwUg
w;nðzÞdz ¼ S

Z dn

dn�1

Rg
wUg

w;nðzÞdz ð4Þ

where rg
w and Rg

w are (respectively) the microscopic and macro-
scopic neutron absorption cross section of the water in group g,
Nw is the atom density of the water and Ug

w;nðzÞ is the neutron flux
of group g in the zone dn�1 < z < dn with the rod immersed in depth
dn�1. The change Dkn of the core multiplication factor between the
two rod positions (i.e. the relative rod worth) can be measured
and it is proportional to

P
g ½A

g
n � ðA

g
n�1 þ Ag

w;nÞ�, i.e.
Dkn /
X

g

Ag
n � Ag

n�1 � Ag
w;n

h i

¼ S
X

g

Z dn

0
RgðzÞUg

nðzÞdz�
Z dn�1

0
RgðzÞUg

n�1ðzÞdz� Ag
w;n

� �
ð5Þ

Let Dkc;nom
n be the change of the multiplication factor, computed

with the rod’s nominal (i.e. given by the rod manufacturer) absor-
ber density NnomðzÞ. Assuming that:

(a) for the same reactor power level, the neutron flux in the rod
increases by a factor of c ðc P 1Þ from UgðzÞ to cUgðzÞ when
the absorber’s density is depleted from its nominal value
NnomðzÞ to its actual value NactðzÞ – when, correspondingly,
the macroscopic absorption cross section varies from Rnom

to Ract – and
(b) Ag

w;n is negligible compared to the absorption rate in the zone
dn�1 < z < dn with the rod immersed in depth dn, it is:

Dkm;act
n

Dkc;nom
n

¼
S
P

g

R dn

0 Rg;actðzÞcUg
nðzÞdz�

R dn�1
0 Rg;actðzÞcUg

n�1ðzÞdz
h i

S
P

g

R dn

0 Rg;nomðzÞUg
nðzÞdz�

R dn�1
0 Rg;nomðzÞUg

n�1ðzÞdz
h i ð6Þ

where Dkm;act
n is measured while Dkc;nom

n ; Ug
nðzÞ and Ug

n�1ðzÞ are reli-
ably computed. Hence,

X
g

Z dn

0
Rg;actðzÞUg

nðzÞdz�
Z dn�1

0
Rg;actðzÞUg

n�1dz
� �

¼ 1
c

Dkm;act
n

Dkc;nom
n

X
g

Z dn

0
Rg;nomðzÞUg

nðzÞdz�
Z dn�1

0
Rg;nomðzÞUg

n�1ðzÞdz
� �

¼ Cn ð7Þ

with Cn being a known quantity, as far as factor c is known. The pro-
cedure to obtain a representative value of c parameter is described
in Section 4.

Lets now assume that the rod’s absorber is essentially absorbing
neutrons in the thermal energy group and that it is practically
‘‘transparent” to neutrons of higher energies. By ‘‘thermal energy
group” is meant here the whole energy range where the rod’s ab-
sorber exhibits an appreciable absorption cross section. Eq. (7)
reads:Z dn

0
Rth;actðzÞUth

n ðzÞdz�
Z dn�1

0
Rth;actðzÞUth

n�1dz

¼ 1
c

Dkm;act
n

Dkc;nom
n

Z dn

0
Rth;nomðzÞUth

n ðzÞdz�
Z dn�1

0
Rth;nomðzÞUth

n�1ðzÞdz
� �

¼ Cn ð8Þ

where th stands for ‘‘thermal energy group”. In (8) the quantity Cn is
known. Consider now that the rod is incrementally immersed by
steps of length w (cm), at depths w, 2w, 3w,. . ., Mw and that the cor-
responding reactivity worth is measured for each rod position. Let
Rth

n be the average value of Rth;actðzÞ at rod zone ½ðn� 1Þw;nw� with
n ¼ 1; . . . ;M (Fig. 1), i.e.

Rth
n ¼

1
w

Z nw

ðn�1Þw
Rth;actðzÞdz ð9Þ

If the rod is considered to be immersed at depth w and then
withdrawn, the application of Eq. (8) gives:

Rth
1

Z w

0
Uth

1 ðzÞdz ¼ C1 ð10Þ

from which Rth
1 is estimated. Further, if the rod is withdrawn from

depth 2w to w, the application of Eq. (8), using the average values
of Rth;actðzÞ at each rod compartment, leads to:
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Fig. 1. Schematic representation of the control rod incremental vertical movement
by steps of equal length w. Ri is the macroscopic absorption cross section of the ith
rod compartment (i = 1,. . .,M). The rod’s active length (Mw) equals the active core
depth (a).
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Z 2w

0
Rth;actðzÞUth

2 ðzÞdz�
Z w

0
Rth;actðzÞUth

1 ðzÞdz ¼ C2

orZ w

0
Rth;actðzÞUth

2 ðzÞdzþ
Z 2w

w
Rth;actðzÞUth

2 ðzÞdz

�
Z w

0
Rth;actðzÞUth

1 ðzÞdz ¼ C2

or

Rth
1

Z w

0
Uth

2 ðzÞdzþ Rth
2

Z 2w

w
Uth

2 ðzÞdz� Rth
1

Z w

0
Uth

1 ðzÞdz ¼ C2 ð11Þ

From Eq. (11), Rth
2 is computed. In general, using the notation

ai;j ¼
Z iw

ði�1Þw
Uth

j dz ð12Þ

with i 6 j, the application of Eq. (8) for the Nth ð1 < N 6 MÞ rod
compartment leads to:

Rth
N ¼

CN �
PN�1

i¼1 Rth
i ðai;N � ai;N�1Þ

aN;N
ð13Þ

where

CN ¼
1
c

Dkm;act
N

Dkc;nom
N

XN

i¼1

Rnom
i ai;N �

XN�1

i¼1

Rnom
i ai;N�1

 !
ð14Þ

Eqs. (12)–(14) allow the successive estimations of Rth values, up to
Rth

M . It should be noted that the constancy of w, the rod incremental
withdrawal, is not mandatory; it has been chosen here for presen-
tation clarity purposes. In fact, the algorithm is valid for any vari-
able step of rod withdrawal. At each step of the algorithm’s
application, Dkm;act and Dkc;nom must correspond to the same rod
insertion level, as can be seen in Eq. (14). This can be achieved by
re-distributing the measured Dkm;act values on the grid of the com-
puted ones Dkc;nom .

3. The case of many absorbers

In many real cases, more than one neutron absorbers are pres-
ent in a control rod. For example, the control rods of many research
reactors contain an alloy of cadmium, indium and silver. Consider-
ing a content of L absorbers with nominal (i.e. given by the rod’s
manufacturer) number densities N0

j ðj ¼ 1; . . . ; LÞ and correspond-
ing macroscopic absorption cross sections R0

j ; the methodology
of Section 2 does not allow retrieval of the individual cross sections
R1

j after rod irradiation. Instead, the proposed methodology is ap-
plied to a so-called effective absorber, having a nominal absorption
cross section given by

R0 ¼
XL

j¼1

R0
j ð15Þ

Therefore, the total (sum for all rod absorbers) macroscopic
cross section of the effective absorber after irradiation i.e.
R1 ¼

PL
j¼1R

1
j is deduced. The actual rod worth may thus be esti-

mated, based on R1.
It should be noted that in this case, the definition of the ‘‘ther-

mal group” used for the derivation of Eq. (8) has to be extended, to
comprise the whole energy range where the various individual
absorbers exhibit an appreciable absorption cross section.

4. Application

Application of the above methodology was made for a depleted
control rod of the Greek Research Reactor (GRR-1). GRR-1 is pool
type, light water moderated and cooled, using beryllium reflectors
and MTR-type fuel elements of slab geometry, normally operating
at 5 MW. The necessity to develop and apply this methodology ar-
ose since: (a) an accurate estimation of the depleted absorbers con-
centrations using the methodology indicated in the Introduction is
unfeasible for GRR-1 which used the same rods for about three
decades while operation parameters were not digitally recorded
and (b) the reactor is planned to convert to low enrichment,
continuing to use the same (depleted) control rods.

GRR-1 uses five shim/safety control rods with absorber length
60 ± 0.2 cm, i.e. approximately equal to the length of the fuel plate.
Their active part has a cross section of rectangular shape with
rounded sides, as shown in Fig. 2. The absorber material is by
weight composed of 82.4% silver, 10.7% indium and 6.9% cadmium,
with respective smeared densities 7.77 g cm�3, 1.01 g cm�3 and
0.65 g cm�3. The cladding consists of 70% by weight iron, 18% chro-
mium, 10% nickel and 2% manganese, with smeared densities
5.6 g cm�3, 1.44 g cm�3, 0.80 g cm�3, and 0.16 g cm�3 respectively.

According to Section 2 (Eqs. (12)–(14)), an estimation of the fac-
tor c is required for the methodology application. In order to ap-
point a representative range of c values, the formulation was
initially applied for c = 1. Then the GRR-1 core was simulated (with
the neutronics code system described below) considering as rod
absorbers: (a) the nominal ones and (b) those obtained by the
application of the methodology for c = 1. The comparison of the
neutron flux profiles in the lower energy group (see below) within
the rod, for 100% rod insertion, led to a c factor ranging between 1.1
and 2.1; the bigger values were found in the upper 20% core part
and the smaller ones in the lower 25%, while in the intermediate
core depths a value of c � 1.4 prevails. The methodology was ap-
plied using c values in the above range. The application proceeded
as described in the following paragraphs.

The required total absorption macroscopic cross section of the
depleted effective rod absorber was derived for ten successive
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Fig. 2. Cross sectional area of the GRR-1 control rod. The dimensions are in mm.
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Fig. 3. Variation of the lower neutron-energy group flux along the rod channel for
successive rod withdrawals per 10%. The lower dashed line corresponds to 0% and
the upper thick line to 100% withdrawal.
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rod compartments of equal length. For the neutron fluxes Uth
n ðzÞ

appearing in the formulation, the computations of CITATION code
(see following paragraph) for successive rod withdrawals of the
non-depleted control rod were used. Fig. 3 shows the utilized
fluxes normalized to the maximum. Due to steep gradients, an
accurate interpolation scheme (Akima, 1970) was used to estimate
neutron flux values at core depths lying among the vertical compu-
Table 1
Derived total macroscopic absorption cross section (cm-1) of the lower neutron-energy g
compartment, vs the non-depleted (nominal) value.

Rod compartment Nominal absorber Eff

c =

Zone 1 2.3675E�01 4.7
Zone 2 2.3675E�01 9.0
Zone 3 2.3675E�01 1.1
Zone 4 2.3675E�01 1.1
Zone 5 2.3675E�01 1.2
Zone 6 2.3675E�01 1.2
Zone 7 2.3675E�01 1.4
Zone 8 2.3675E�01 1.5
Zone 9 2.3675E�01 1.7
Zone 10 2.3675E�01 2.0
tational grid points of the neutronic code calculations. The integra-
tions in Eq. (12) were performed using a numerical method based
on second degree polynomials (Catsaros and Ribon, 1987). Two
neutron-energy groups were defined in the sense described in Sec-
tion 3, with upper boundaries at 3.9 � 103 eV and 2.0 � 107 eV
respectively. The best results of total rod worth, concerning the
comparison with measurements, were obtained for c values be-
tween 1.3 and 1.5. The total absorption macroscopic cross section
derived for the depleted control rod in the lower neutron-energy
group, is shown in Table 1 for the above c values, in comparison
with the nominal absorption cross section.

The calculation of the control rod worth was made using the
code system NITAWL (resonance shielding calculations; Greene
and Petrie, 2000), XSDRNPM (cell calculations; Greene and Petrie,
2000) and CITATION (core analysis; Fowler et al., 1971). Using
the above system, the core analysis and the control rod representa-
tion were made as described in Varvayanni et al. (2009). NITAWL
and XSDRNPM are modules of the SCALE code (SCALE, 1995). For
the non-depleted control rod, the 238 groups-NDF5 library re-
leased with SCALE was used and the equivalent macroscopic cross
sections for the contained nuclides collapsed to the two neutron-
energy groups mentioned above were derived using NITAWL and
XSDRNPM. CITATION calculations were performed considering:
(a) a non-depleted control rod, using the total absorption macro-
scopic cross section corresponding to the nominal absorber
densities and (b) a depleted control rod, using for the lower
neutron-energy group a total macroscopic absorption cross section
that corresponds to the effective absorber as defined in Section 3,
varying along the rod’s length according to Eq. (13).

The computations were compared with measurements, which
were realized following the procedure of successive rod withdraw-
als from 0% to 100% of the absorber length, compensated by suc-
cessive insertions of a relatively distant rod from 0% to 100%,
while keeping the other three rods submerged to a constant depth
roup for the effective absorber from the lower (zone 1) to the higher (zone 10) rod

ective absorber

1.3 c = 1.4 c = 1.5

749E�02 4.4339E�02 4.1383E�02
157E�02 8.3717E�02 7.8136E�02
017E�01 1.0230E�01 9.5480E�02
986E�01 1.1130E�01 1.0388E�01
290E�01 1.1412E�01 1.0651E�01
865E�01 1.1946E�01 1.1149E�01
091E�01 1.3084E�01 1.2212E�01
361E�01 1.4264E�01 1.3313E�01
997E�01 1.6712E�01 1.5598E�01
553E�01 1.9085E�01 1.7813E�01
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in the core. The worth of the measured control rod was obtained by
recording the period at each withdrawal and by assessing the reac-
tivity change through the in-hour equation, while at each step the
integral rod worth was obtained by summing the reactivity
changes corresponding to the preceding, successive steps. Fig. 4
shows the computations results for the worth of both the non-de-
pleted and the depleted rod, the latter corresponding to the effec-
tive absorber macroscopic cross sections of Table 1, in comparison
with measurements performed for the depleted rod. In Fig. 4, the
integral control rod worth,

PN
1 ðDk=kÞn; where ðDk=kÞn is the reac-

tivity change induced by withdrawal of the nth rod compartment,
is plotted. As can be seen in Fig. 4, the curves corresponding to the
derived total absorption macroscopic cross sections approach con-
siderably the measured one, compared with that corresponding to
the non-depleted rod. More specifically, the discrepancy of
280 pcm for the total rod worth obtained with the nominal macro-
scopic cross sections, is reduced to less than 3 pcm for c = 1.5.

5. Conclusions

A simple methodology is proposed for assessing the total mac-
roscopic absorbing cross section of a depleted control rod. The sug-
gested procedure can prove useful in the case that the level of
detail known about the irradiation history of the control rod does
not allow an analytical calculation of the absorber burnup, while
the rod is planned to be utilized in a modified core environment.
The methodology is based on measurements of the integral rod
worth in its former core environment and on computations per-
formed with the nominal absorber density. The included algorithm
is conceived such as to provide an effective macroscopic absorption
cross section which permits to accurately reproduce the depleted
control rod worth, regardless the level of depletion.

Application was made for a depleted control rod of GRR-1 con-
taining five neutron absorbers. The calculated total rod worth for a
progressively varying total macroscopic absorption cross section of
an effective absorber using the methodology described in this
work, almost eliminates the discrepancy with measurements com-
pared to the computations made with the absorption cross section
corresponding to the nominal absorber densities. This makes the
rod worth assessment in case of planned core modifications, more
realistic.
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